In this paper, we study the Cauchy problem and multi-soliton solutions for a two-component short pulse system. For the Cauchy problem, we first prove the existence and uniqueness of solution with an estimate of the analytic lifespan, and then investigate the continuity of the data-to-solution map in the space of analytic function. For the multi-soliton solutions, we first derive an N -fold Darboux transformation from the Lax pair of the two-component short pulse system, which is expressed in terms of the quasideterminant. Then by virtue of the N -fold Darboux transformation we obtain multi-loop and breather soliton solutions. In particular, one-, two-, three-loop soliton, and breather soliton solutions are discussed in details with interesting dynamical interactions and shown through figures.
Introduction
The short pulse equation
where u = u(x, t) is a real-valued function, representing the magnitude of the electric field, and the subscripts stand for partial derivatives with respect to x and t, has attracted much attention in the past decades. This equation was derived as a nonlinear model to describe the propagation of ultra-short pulses in isotropic optical fibers from an approximation to the solutions of the Maxwell's equations [1] . It could also be used to construct integrable differential equations associated with pseudospherical surfaces [2] . A numerical analysis reveals that as the pulse length is shortens, equation (1) serves as a better approximation to solving the Maxwell's equation in comparison with the prediction of the nonlinear Schrödinger (NLS) equation [3] . The short pulse equation (1) is integrable with the Lax pair [4] , bi-Hamiltonian structure and infinitely many conservation laws [5] . The Lax pair of the short pulse equation (1) is kind of the WKI-type [6] . Such a kind of Lax pairs, recursion operator, C Neumann and Bargamann constraints to finite dimensional integrable systems, symmetries and transformation to the sine-Gordon equation were studied in [7, 8, 9] . Moreover, a suitable hodograph transformation was found to send the short pulse equation
(1) to the well-known Sine-Gordon (SG) equation to get multi-loop solitary wave solutions [10] .
Therefore, various solutions to the short pulse equation (1) have been obtained, for instance, its loop and pulse solutions in [10] , periodic and solitary wave solutions in [13] , two-loop soliton solutions in [14] , and bilinear forms, multi-loop solutions, multi-breather and periodic solutions in [11, 12] . The loop soliton solutions to the short pulse equation (1) could also be derived from a Darboux transformation [15] .
Similar to the case of the NLS equation [16] , there are several different versions to generalize the short pulse equation (1) , for instance, the higher-order nonlinearity corrections in [17] , and the vector short pulse equations in [18, 19] .Recently, Matsuno proposed a novel multi-component short pulse model [20] , in particular, the following two-component short pulse (2SP) system
was addressed from its multi-component model. Actually, the 2SP system (2) was able to be produced from the negative order Wadati-Konno-Ichikawa (WKI) hierarchy in [21, 22] , where the Lax pair for the whole WKI hierarchy and algebaric structure with r-matrix were discussed. The regular Wadati-Konno-Ichikawa (WKI) hierarchy and its Lax representations were discussed in [23] and [6] , respectively. Apparently, putting u = v sends (2) to the short pulse equation (1) . The 2SP system (2) is integrable with the following Lax pair [21, 22, 20] Ψ x = P Ψ, Ψ t = QΨ,
where
Let u = q + ir, v = q − ir,
then the 2SP system (2) is cast into the following integrable system q xt = q + 1 2 (q 2 + r 2 )q x x , r xt = r + 1 2 (q 2 + r 2 )r x x .
One-and two-soliton solutions and breather solutions of equations (2) and (6) have been given in terms of pfaffians by virtue of Hirota's bilinear method in [20] . If r = 0 (or q = 0), then the system (6) is reduced to the the short pulse equation (1) .
In general, once a Lax pair is given one may use it to derive many integrable properties of a nonlinear wave equation such as conservation laws, bi-Hamiltonian structure, Darboux transformation [24, 25, 26, 27, 28, 29] etc. On the other hand, the study of analyticity for nonlinear wave equations is another important field in the theory of partial differential equations. For instance, the hydrodynamics of Euler equations was initiated by Ovsyannikov [38, 39] and later developed with a further study in [34, 36, 37, 40] and in [30, 31] where the approach is based on a contraction type argument in a suitable scale of Banach spaces. The analyticity of the Cauchy problem for the two-component Camassa-Holm shallow water and the two-component Hunter-Saxton systems were studied in [43, 44] . Recently, Barostichi, Himonas and Petronilho [33] established the wellposedness for a class of nonlocal evolution equations in spaces of analytic functions. Furthermore, they proved a Cauchy-Kovalevsky theorem for a generalized Camassa-Holm equation (g − kbCH)
in [32] . Very Recently, Luo and Yin investigated the Gevrey regularity and analyticity for a class of Camassa-Holm type systems [35] . Thus, an amazing topic is to study the analytic solutions for the 2SP system (2). It is worthy to point out that our approach is strongly motivated from the Cauchy-Kovalevsky type results in [31, 33] .
The present paper is two fold: studying Darboux transformation and Cauchy problem of the 2SP system (2). The whole paper is organized as follows. In section 2, we adopt a hodograph transformation to transform the 2SP equation (2) to another nonlinear partial differential equation,which is a Lax integrable system belonging to the Heisenberg ferromagnet (HF) hierarchy [26, 45] . In section 3, we define a Darboux transformation in terms of Darboux matrix operator, and then provide a detailed proof for the Darboux transformation and its quasideterminant representation of the N -fold case. In section 4, based on scalar solutions of the Lax pair, we construct a N -fold Darboux transformation to derive the explicit multi-loop soliton and breather soliton solutions with their dynamical interactions. Three special examples are discussed details and shown through their graphs. Starting from section 5, we study the Cauchy problem for the 2SP system (2). To do so, some preliminary results are first provided including the abstract Ovsyannikov type theorem and the basic properties of the analytic space G δ,s . In section 5.1, we prove the existence and uniqueness of analytic solution with an estimate about the analytic lifespan, and in section 5.2, we investigate the continuity of the data-to-solution map in spaces of analytic functions. Last section concludes the paper with a brief summary and a future outlook.
Hodograph transformation
In this section, we show how the Lax pair (3) is related by a hodograph transformation to a negative order flow in the HF hierarchy. As per [20] , let us introduce a dependent variable w satisfying
which is able to send the 2SP system (2) to the following form of conservation law
We then define a hodograph transformation HT : (x, t) → (y, τ ) by means of
or equivalently
The 2SP system (2) can now be expressed in terms of new variables in the following form
System (11) arises as a zero curvature equation U τ − V y + [U, V ] = 0, which is exactly the compatibility condition for the following Lax pair
and
Thus, system (11) is actually a negative order flow in the HF hierarchy.
Darboux transformation
Based on the Lax pair (12) of the integrable equation (11), let us consider the following Darboux transformation:
where D is a Darboux matrix and Ψ [1] recovers the form of the Lax pair (12)
with
and x [1] , u [1] and v [1] being new solutions to the equation (11) , that is,
In order to make the covariance of the Lax pair (12) For the Lax pair (12) , let us define the following Darboux matrix
where I is the 2 × 2 identity matrix and
In equation (22), |e 1 and |e 2 are two constant vectors, and Ψ(λ 1 ) and Ψ(λ 2 ) are two fundamentalmatrix solutions of the Lax pair (12) corresponding to the eigenvalues λ 1 and λ 2 , respectively. Thus, the Lax pair (12) can be rewritten in the following matrix form
where H is the matrix solution of the Lax form (12) corresponding to the eigen-matrix Λ consisting of distinct eigenvalues.
Using the above facts, we may have the following propositions.
Proposition 1.
Under the Darboux transformation (20) , the matrix R [1] given by the first equation of (18) has the same form as R in the first equation of (14) with the following condition
where the matrix M satisfies (26) . Taking derivative with respect to y on both sides of
which is equivalent to the condition (26) . The proof is thus completed. by the second and third equations of (18) have the same form as S and W in the second and third equations of (14) with the following conditions
where the matrix M satisfies 
which is exactly Eq. (29) . This completes the proof of the proposition 2.
The interesting thing is to iterate the above Darboux transformation (20) N -times to generate a quasideterminant representation of the so-called N -fold Darboux transformation. To do so, we will adopt the notion of the following quasideterminant about the n × n matrix D introduced by Gelfand and Retakh [46] :
where A, B and C are n × n matrices and A is invertible. From Eqs. (20) , (25) and (28), the one-fold Darboux transformation (20) and the matrices R, S and W can be expressed in terms of quasideterminants as follows
where 0 is an null matrix. The N times iteration of the Darboux transformation gives the quasidetermant matrix solution to the 2SP system (2) . Let H k (k = 1, 2, . . . , N ) be the invertible matrix solution to the Lax system (12) corresponding to the eigenvalue Λ = Λ k (k = 1, 2, . . . , N ). Then the N -fold Darboux transformation for the Lax pair (12) can be written in the form of
The N -fold Darboux transformation sends the matrices R, S and W to the following forms
4 Explicit loop soliton and multi-loop soliton solutions
According to Propositions 1 and 2, we will use the N -fold Darboux transformation to construct scalar solutions of the Lax system (12), and further give multi-loop and breather soliton solutions with their interactional dynamics for the 2SP system (2).
T be two linearly independent solutions to the Lax system (12) associated with the eigenvalue λ k (k = 1, 2, . . . , N ), then its general solution has the following form
where |e k is a two-dimensional constant column vector. Without loss of generality, we choose
In order to construct the N -fold Darboux transformation of the Lax system (12) in the form of
let us define entries of the Darboux matrix D as follows
where (18) has the same form as R in the first equation of (14), while the transformation sends the old potentials x, u, and v to the following new ones
In Eqs. (43)- (47), we have used the notations
It is not hard for us to see that f 11 (λ), f 12 (λ), f 21 (λ), and f 22 (λ) are (−2N +1)th degree polynomials in λ. Substituting (40) into the first equation of (12) yields
A direct calculation reveals that all λ k (1 ≤ k ≤ 2N ) are the roots of f mn (m, n = 1, 2). Therefore from (48), we have
and p
mn (m, n = 1, 2; i = 1) are independent of λ. Apparently, Eq. (50) can be rewritten as
Comparing the coefficients of λ −N +1 and λ −N +m on both sides of (52) and noticing (43), we have
From Eqs. (18) and (51), one can readily see that P = R [1] . Thus, the proof is completed.
Proposition 2 . Under the Darboux transformation (41), the matrices S[1] and W [1] defined
by the second and third equations of (18) have the same form as S and W in the second and third equation of (14).
One may easily see that g 11 (λ), g 12 (λ), g 21 (λ), and g 22 (λ) are the (−2N − 1)th degree polynomials in λ. Substituting (40) into the second equation of (12) leads to
A direct calculation shows that all λ k (1 ≤ k ≤ 2N ) are the roots of g mn (m, n = 1, 2). Therefore, we arrive at
and q
mn (m, n = 1, 2; i = 1, 2) are independent of λ. Hence, Eq. (57) can be rewritten as
Comparing the coefficients of λ −N −1 and λ −N on both sides of Eq. (59), we obtain
From Eqs. (18) and (58), it is not hard for us to see that Q(λ) = V , which completes the proof.
Remark 1:
is a parametric representation of the solution to the 2SP system (2), then (x(−y, τ ), u(−y, τ ), v(−y, τ )) is a solution, too; and for (an arbitrary complex constant
(ii) The 2SP system (2) has a trivial solution (x, u, v)=(αy + βτ + x 0 , 0, 0), where α, β, x 0 ∈ R.
Substituting the trivial solution x = αy + βτ + x 0 , u = v = 0 into the Lax system (12), we obtain
. Thus as per (40), we accordingly have
Under the condition λ 2k−1 λ 2k < 0, µ 2k−1 µ 2k < 0 (k = 1, 2, · · · , N ), substituting (63) into (43) generatesthe N -soliton solution of the 2SP system (2).
Remarks 2: If λ 2k = −λ 2k−1 and µ 2k µ 2k−1 = −1 (k = 1, 2, · · · , N ), (43) and (63) can be reduced to the N -soliton solution of the short pulse equation (1).
Let us take three special cases N = 1, N = 2 and N = 3 as examples.
Case 1 (N = 1). From (43), we have the following one-soliton solution of the 2SP system (2)
where 
where ζ 1 = 2(αλ 1 y + 1 4λ 1 τ ). Case 2 (N = 2). From (43), we may obtain a two-soliton solution of the 2SP system (2) in the following form
where , µ3 = 3, µ4 = −1, α = 1, and β = 0.
Eq. (69) produces the followingbreather soliton solution of the 2SP system (2)
|λ1| 2 τ . The following figure (Figure 6 ) shows the time evolution of the breather soliton solutions (72)-(74) with the parameters λ 1R = λ 1I = 1, µ 1 = , µ3 = 3, µ4 = −1, α = 1, and β = 0.
Case 3 (N = 3). AS per Eq. (43) , putting N = 3 generates three-soliton solutions of the 2SP system (2)
T are given by (63).
The following graphs (Figures 7-9 ) describe the dynamical interactions of the three-loop-soliton solutions (75) with those designated parameters. One can easily see that the parameters have little influence on the profiles and characters of the three-soliton solutions of (u [3] , v [3] ). All the interactional dynamics is very similar to the case of N = 2. , µ3 = 3, µ4 = −1, µ5 = 4, µ6 = −2,α = 1, and β = x0 = 0.
Cauchy problem for the 2SP system (2)
Since the 2SP system (2) is integrable, from the view point of soliton solutions, we already derived its multi-loop soliton solutions through the Darboux transformation described in the above sections.
In this section, from the view point of analysis, we want to study the Cauchy problem of the 2SP system (2). To do so, let us present some preliminary works. First, let us recall the definition of a scale of Banach spaces {X δ } 0<δ≤1 .
Definition 1 A scale of complex Banach spaces is a one-parameter family of complex Banach spaces {X δ } 0<δ≤1 such that: (Scale): If for any 0 < δ < δ ≤ 1 we have
Then, we present the framework in an analytic space. In the following contexts, we denote the Fourier transform of f in R or T by f . Assume that the initial data belong to the decreasing Banach space in the following scale. For δ > 0 and s ≥ 0, in the periodic case the Banach space is defined by
While in the non-periodic case the Banach space is defined by
Remark 2 For f ∈ G δ,s , the following properties are obvious by the definition of G δ,s :
(ii) 0 < s < s and δ > 0, then · δ,s ≤ · δ,s , i.e. G δ,s → G δ,s .
Remark 3 By Remark 2 (i), it is not hard for us to see that the spaces
form a scale of decreasing Banach spaces.
Throughout the paper, G δ,s represents the space for both the periodic and non-periodic cases if a result holds for both cases, and · δ,s stands for the norm in the space G δ,s .
Next, let us provide some basic properties of the G δ,s spaces, which can also be seen in [33] .
Lemma 4
Let s ≥ 0 for any x ∈ T, and s > Furthermore, we present a brief description of the autonomous Ovsyannikov theorem [40, 41, 42] that are used in the following sections. Given a decreasing scale of Banach spaces {X δ } 0<δ≤1
and initial data u 0 ∈ X 1 , we consider the Cauchy problem
where F : X δ → X δ satisfies the following conditions:
(1) F : X δ → X δ is a function, and for any given u 0 ∈ X 1 and R > 0 there exist two positive constants L and M , depending on u 0 and R, such that for all 0 < δ < δ < 1 and u 1 , u 2 ∈ X δ with u 1 − u 0 δ < R and u 2 − u 0 δ < R we have the following Lipschitz type condition
and the following bound in the X δ norm of F (u 0 )
(2) For 0 < δ < δ < 1 and a > 0, if the function t → u(t) is holomorphic on {t ∈ C : |t| < a(1 − δ)} with values in X δ and sup |t|<a(1−δ) u(t) − u 0 δ < R, then the function t → F (u(t)) is holomorphic on {t ∈ C : |t| < a(1 − δ)} with values in X δ .
Let us now describe the autonomous Ovsyannikov theorem below.
Theorem 8 [30] (Autonomous Ovsyannikov Theorem) Assume that the scale of Banach spaces X δ and the function F (u) satisfy the above conditions (1) and (2). Then, for given u 0 ∈ X 1 and R > 0 there exists T > 0 such that
and a unique solution u(t) to the Cauchy problem (85), which for every δ ∈ (0, 1) is a holomorphic
Existence and uniqueness
Let us consider the following Cauchy problem for the 2SP system (2)
(90)
Casting the integral operator ∂ −1
x onto both sides of (90) yields
T leads (91) to the following concise
Notice that there is the integral operator ∂ −1
x involved in Eq. (91). Let us give a remark about it below.
x f is defined via the Fourier transform as follows
Due to the singularity at ξ = 0, one requires thatf (0) = 0, which is clearly equivalent to
In what follows,
in the distributional sense.
To deal with the integral term ∂ −1
x u in Eq. (91), we establish the following key lemma.
Lemma 10 For 0 < δ ≤ 1, s ≥ 0 and u ∈ G δ,s , the following estimate holds true:
Proof:
Remark 11 Lemma 10 is also true for the periodic case by using the definition (81).
For the sake of simplicity, we shall assume that our initial data u 0 ∈ G 1,s , and for any 0 < δ < 1 and s > 1 2 , we define z δ,s = u δ,s + v δ,s . Let us now present the existence and uniqueness of Eq. (91).
which depends on the initial data z 0 and s, such that for every δ ∈ (0, 1), the Cauchy problem (91) has a unique solution z(t) = (u(t), v(t)) T . And u(t), v(t) are holomorphic functions in the disc
where z 0 1,s = u 0 1,s + v 0 1,s and C s comes from (84).
Remark 3 ensures that G δ,s satisfies the scale decreasing condition (80) like the space X δ in the autonomous Ovsyannikov theorem. Also, these spaces and F i (z), i = 1, 2 satisfy condition (2).
Therefore, to prove Theorem 3.1, it suffices to show that the right-hand side F i (z), i = 1, 2 of Eq.
(91) satisfies conditions (86) and (87). This is included in the following crucial lemma.
Then, for the Cauchy problem (91) there exist positive constants L and M , which depend on R and z 0 1,s such that for z 1 , z 2 ∈ G δ,s × G δ,s , z 1 − z 0 δ,s < R, z 2 − z 0 δ,s < R and 0 < δ < δ < 1 we have
Moreover, the analytic lifespan T satisfies the estimate
Proof: We first prove that F 1 (z) satisfies (86) and (87). For s > 1 2 , applying the triangle inequality we get
x u 2 δ ,s := I + II.
(83) and (84) lead to
where we have used the following estimates
Next, we estimate the term II. Lemma 10 gives
where we have adopted the fact that 0 < δ < δ < 1, which implies 0 < δ − δ < 1.
Adding (99) and (101) gives the desired condition (86)
Finally, we estimate F 1 (z 0 ). (83) and Lemma 10 lead to
Replacing δ by δ and δ by 1, and setting
we obtain the desired estimate (87), namely,
The symmetric structure of Eq. (91) immediately reads
where L and M are the same as above. Thus, we obtain
Therefore, substituting the above L and M into (88) yields
Thanks to Theorem 8, there exists a unique solution z(t) to the Cauchy problem (91), which is a holomorphic vector function for every δ ∈ (0, 1) in
Let R = z 0 1,s , then we have
This completes the proof of Lemma 13, and hence Theorem 12 is true.
Continuity of the data-to-solution map
We now prove the continuity of the data-to-solution map for initial data and solution in Theorem 3.1.
First, let us recall that the scale of Banach spaces X δ and the function F (u) satisfy the conditions (1) and (2) . For b > 0, we denote by H(|t| < b; X δ × X δ ) the set of holomorphic vector functions f (t) in |t| < b valued in X δ × X δ . Also, notice that for 0 < δ ≤ 1 and w ∈ H(|t| < b; X δ × X δ ) with b > 0, the equation
has a unique solution z ∈ H(|t| < b; X δ × X δ ) given by
Therefore, it follows that the existence of z in Theorem 8 is equivalent to the existence of z ∈ H(|t| < T (1 − δ); X δ × X δ ), for every δ ∈ (0, 1), satisfying for |t| < T (1 − δ)
Therefore, our initial value problem is converted to find the fixed point of the equation (109). To see that, let us introduce a new space E a .
Definition 14
For a > 0 we denote by E a = 0<δ<1 H(D(0, a(1 − δ)); X δ ) the Banach space of all functions t → u(t) where for every 0 < δ < 1 we have
whose norm is defined by |||u||| a := sup
Remark 15 One may easily see that E T2 → E T1 for any 0 < T 1 < T 2 .
Remark 16
It is clear from the proof of Theorem 12 that under the hypotheses (1) and (2) that given z 0 ∈ G 1,s × G 1,s and R > 0 there are T > 0 and a unique solution to the Cauchy problem (91) in the set
and sup
Notice that if z ∈ E T,R then z ∈ E T . Thus, this allows us endow E T,R with the metric d(z, w) = |||z − w||| T .
Using the spaces E a and the norm (111) we may readily obtain the following two lemmas. We refer the readers to [33] for the detailed proofs.
Lemma 17 Let a > 0, u ∈ E a , 0 < δ < 1 and |t| < a(1 − δ). Then
Lemma 18 For every a > 0, u ∈ E a , 0 < δ < 1 and |t| < a(1 − δ), we have
Next, let us recall the following definition of the continuity of the data-to-solution map for Eq.
(91).
Definition 19 [33] One says that the data-to-solution map z 0 → z(t) is continuous if for a given
z n (t), z ∞ (t) to the Cauchy problem (91) for all sufficiently large n satisfy: z n (t), z ∞ (t) ∈ E T,R and
We now give the continuity of the solution map for the Cauchy problem (91).
, and R > 0 there exists T = T z0 > 0, which is given in (88), such that the Cauchy problem for (91) has a unique solution
Moreover the data-to-solution map z 0 → z(t) :
exists a natural integer N ∈ N, such that for any n ≥ N , we have
Setting
and for n > N
For the given initial data z ∞ (0), z n (0) ∈ G 1,s × G 1,s , Theorem 12 ensures the existence and uniqueness of the corresponding solutions z ∞ (t) ∈ E T z∞(0) ,R∞ and z n (t) ∈ E T zn (0) ,Rn with
respectively, where their lifespans are given by
respectively.
Let us now figure out the same lifespan of z ∞ (t) and z n (t) by setting T as follows
(112), (113) and (117) imply that T z∞(0),zn(0) < T z∞(0) and
Next, we need to prove |||z n − z ∞ ||| T z∞(0),zn(0) → 0 as n → ∞. For 0 < δ < 1 and |t| < T z∞(0),zn(0) (1 − δ) it follows from (115) and (116) that
Using Lemma 17 (the complete proof of the lemma can be found in Lemma 6 [33] ), we have
and therefore, we get
In order to use (86), we also need to prove that z ∞ (τ t |t| ) − z n (0) δ(τ ),s < R, and z n (τ t |t| ) − z n (0) δ(τ ),s < R.
Apparently, if 0 < δ < 1 and |t| < T z∞(0),zn(0) (1 − δ), 0 ≤ |τ | = τ ≤ |t|, δ < δ(τ ) ≤ ) and n > N , then we have
Theorem 8 and (114) ensure that z n (τ t |t| ) − z n (0) δ(τ ),s ≤ R n < R.
(120), (121), (86) and Lemma 18 lead to
with L n = C ). Noticing for |τ | < T z∞(0),zn(0) (1 − δ), we have 0 < δ < δ(τ ) < 1.
As per Lemma 18 (with a = T z∞(0),zn(0) ), and (122), for 0 < δ < 1 and |t| < T z∞(0),zn(0) (1 − δ) 
For n > N , (113), (114) and (117) give
Noticing T z∞(0),zn(0) = 
Conclusions
In this paper, we have used the Darboux transformation to solve the 2SP system (2) with loop, anti-loop, and multi-loop soliton solutions. Those solutions are explicitly given and graphically depicted through the plotted graphs. The approach utilized in this paper may be developed in the following ways: (ii) The N -soliton solution of the short pulse equation (1) (iii) Our 2SP system (2) could be extended to a two-component complex short pulse model, which we shall pursue a deeper study in the near future.
In the analysis aspect of the 2SP system (2), we adopted the abstract Ovsyannikov type theorem and proved the well-posedness of the Cauchy problem for the 2SP system (2) provided that the initial data are analytic. It is very interesting to study the existence and the uniqueness of the global weak solutions, which we will discuss elsewhere. Furthermore, as mentioned above, the analysis work for the complex short pulse model is also deserved to investigate.
